Abstract. We prove that every bounded type Siegel disk of a rational map must be a quasi-disk with at least one critical point on its boundary. This verifies Douady-Sullivan's conjecture in the case of bounded type rotation numbers.
Introduction
A Siegel disk of a rational map f is a maximal domain on which f is holomorphically conjugate to an irrational rotation. It was conjectured by Douady and Sullivan in 1980's that the boundary of every Siegel disk for a rational map has to be a Jordan curve [6] . This has remained an open problem, even for quadratic polynomials. The main purpose of this paper is to verify this conjecture under the condition that the rotation number of the Siegel disk is of bounded type. Here we say an irrational number 0 < θ < 1 is of bounded type if sup{a k } < ∞ where θ = [a 1 , · · · , a n , · · · , ] is the continued fraction of θ. Before we state the main result of the paper, let us give a brief account of the previous studies on this problem.
In 1986, Douady observed that quasisymmetric linearization of critical circle mappings would imply that the boundary of the Siegel disk of a quadratic polynomial is a quasi-circle. Using work of Swiatek, Herman then proved the required quasisymmetric linearization result for analytic circle mappings with bounded type rotation numbers. This implies that every bounded type Siegel disk of a quadratic polynomial must be a quasi-disk whose boundary passes through the unique finite critical point of the quadratic polynomial [7] . In 1998, by considering a surgery map defined on certain space of some degree-5 Blaschke products, Zakeri extended Douady-Herman's result to bounded type Siegel disks of all cubic polynomials [17] . Shortly after that, in his webpage Shishikura announced Theorem (Shishikura). All bounded type Siegel disks of polynomial maps are quasi-disks which have at least one critical point on their boundaries.
The main purpose of this paper is to generalize the above result to bounded type Siegel disks of all rational maps.
Main Theorem. Let d ≥ 2 be an integer and 0 < θ < 1 be an irrational number of bounded type. Then there exists a constant 1 < K(d, θ) < ∞ depending only on d and θ such that for any rational map f of degree d, if f has a fixed Siegel disk with rotation number θ, then the boundary of the Siegel disk is a K(d, θ)-quasi-circle which passes through at least one critical point of f .
There are two main ingredients in the proof of the Main Theorem. The first one is due to Shishikura by which he proved that bounded type Siegel disks of polynomial maps are all quasi-disks. The idea of Shishikura is to prove that any invariant curve inside a bounded type Siegel disk of a polynomial map is uniformly quasiconformal. The result then follows by letting the invariant curve approach the boundary of the Siegel disk. A detailed description of this strategy will be given in §3 of this paper.
The second one is an extension of Herman's uniform quasisymmetric bound to all analytic circle mappings induced by centered Blaschke products (for the definition of centered Blaschke products, see §2). As indicated by Shishikura, the key tool used in his proof is a uniform quasisymmetric bound of the linearization maps for a compact family of analytic circle mappings, which was due to Herman (see Theorem A of §2). The main obstruction in generalizing Shishikura's result to all rational maps is that the family of Blaschke products involved in constructing Siegel disks of rational maps is not compact anymore, and Herman's theorem does not apply directly in this situation. The core of our proof is an extension of Herman's theorem to all centered Blaschke products (see Theorem B of §2). This is the heart of the whole paper. One of the key tools used in our proof is the Relative Schwarz Lemma proved by Buff and Chéritat in [2] .
The following is a sketch of the organization of the paper. In §2, we introduce Herman's theorem and its extension (Theorem A and Theorem B). Since the proof of Theorem B is quite long, we postpone it until the last section of the paper.
In §3, we prove the Main Theorem. The proof is divided into two steps. In the first step, we prove the Main Theorem under the condition that the postcritical set of the rational map does not intersect the interior of the Siegel disk (Lemma 3.6). In the second step we prove the Main Theorem in the general case (Lemma 3.8). The proof of Lemma 3.6 is based on Theorem B and Shishikura's strategy. The proof of Lemma 3.8 uses Lemma 3.6 and a trick of holomorphic motion.
In §4, we prove Theorem B and thus complete the proof of the Main Theorem.
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Herman's Theorem and its extension
Let m = 2d − 1 with d ≥ 2 being some integer. Let θ = [a 1 , · · · , a n , · · · ] be an irrational number with sup{a n } < ∞. We call such θ of bounded type. Let T denote the unit circle and R θ : T → T denote the rigid rotation given by z → e 2πiθ z. Let H m θ denote the class of all the Blaschke products
1 − a i z z − a i , such that 1. |a i | < 1 for all 1 ≤ i ≤ d − 1, 2. |λ| = 1, 3. B|T : T → T is a circle homeomorphism of rotation number θ. In one of his three handwritten manuscripts [9] (see also [3] and [4] ), Herman proved Theorem A. Let m ≥ 3 be an odd integer and 0 < θ < 1 be an irrational number of bounded type. Then there is a constant 1 < K(m, θ) < ∞ depending only on m and θ such that for any B ∈ H Then all the maps in H m θ are holomorphic in H. This proves the first assertion. Let
1 − a n,i z z − a n,i .
Since |a n,i | ≤ ρ, there is a subsequence of integers {n k } such that for each 1 ≤ i ≤ d − 1, a n k ,i → b i with 0 ≤ |b i | ≤ ρ. It follows that as k → ∞,
Then B ∈ H l θ with 1 ≤ l ≤ m being some odd integer and B n k → B uniformly on H. This proves the second assertion and Lemma 2.1 follows.
Theorem A plays an important role in the study of bounded type Siegel disks of polynomial maps. Among all of those the most remarkable one is Shishikura's result which says that any bounded type Siegel disk of a polynomial map is a quasi-circle with at least one critical point on it.
Let d, m and θ be as above. Let B m θ denote the class of all the Blaschke products
. B|T : T → T is a circle homeomorphism of rotation number θ.
For any B ∈ B m θ , by Herman's result in [9] it is known that the analytic circle mapping B|T : T → T is quasisymmetrically conjugate to the rigid rotation R θ : z → e 2πiθ . Then B|T has a unique invariant probability measure on T which has no atoms. Let us denote it by µ B . According to Douady and Earle [8] , to such µ B , one can assign a vector field ξ µB on ∆ as follows,
By Proposition 1 of [8] , the vector field ξ µB has a unique zero in ∆, which is called the conformal barycenter of µ B . Let us denote it by z B . From the above formula it follows that z B = 0 if and only if
Note that for any Möbius map g which maps the unit circle to itself and preserves the orientation, g * µ B is the unique invariant probability measure for the analytic circle mapping (g
It is clear that g * µ B has no atoms. According to [8] , the assignment of µ → ξ µ is conformally natural in the following sense: if g is a Möbius map which maps the unit circle to itself and preserves the orientation, then
It follows that if g maps z B to 0, then the conformal barycenter of g * µ B is 0.
Definition 2.1. We say B is a centered Blaschke product if z B = 0.
From the previous observation, any Blaschke product in B m θ is conjugate to a centered Blaschke product by a Möbius map which maps the unit circle to itself and preserves the orientation. The core of the proof of our Main Theorem is the extension of Herman's theorem to all the centered Blaschke products in B m θ . Theorem B. Let m ≥ 3 be an odd integer and θ = [a 1 , · · · , a n , · · · ] be a bounded type irrational number. Then there is a constant 1 < M (m, θ) < ∞ depending only on m and θ such that for any centered Blaschke product B in B 
Proof of The Main Theorem assuming Theorem B
Let d ≥ 2 and 0 < θ < 1 be an irrational number of bounded type. Suppose that f is a rational map of degree d and has a fixed Siegel disk D centered at the origin and with rotation number θ. By a Möbius conjugation, we may assume that D is contained in a compact set of the complex plane. Let ∆ denote the unit disk. Let λ : ∆ → D be the holomorphic isomorphism such that λ(0) = 0, λ ′ (0) > 0, and
for all z ∈ ∆. For 0 < r < 1, let
Let K > 1 and C be the Riemann sphere. We call a simple closed curve Γ ⊂ C a K-quasi-circle if there is a K-quasiconformal homeomorphism φ : C → C such that Γ = φ(T) where T is the unit circle.
Lemma 3.1. If there exists a 1 < K < ∞ such that Γ r is a K-quasi-circle for all 0 < r < 1, then ∂D is a K-quasi-circle. In particular, the map f |∂D : ∂D → ∂D is injective, and thus ∂D contains at least one of the critical points of f .
Proof. By assumption, for any integer n > 1, there is a K-quasiconformal homeomorphism σ n : C → C such that
We may assume that σ n maps the origin into the inside of Γ 1−1/n . Let η n be a Möbius map which preserves the unit disk and maps the origin to σ −1 n (0). Let ω n = σ n • η n . Then ω n is a K-quasiconformal homeomorphism of the sphere and moreover, ω n (T) = Γ 1−1/n and ω n (0) = 0. It follows that any limit map of the sequence {ω n } is a K-quasiconformal homeomorphism of the sphere. By taking a convergent subsequence, we may assume that there is a K-quasi-conformal homeomorphism ω : C → C such that ω n converges uniformly to ω with respect to the spherical metric.
We claim that D = ω(∆).
Let us prove the claim now. For r > 0, let ∆ r denote the Euclidean disk centered at the origin and with radius r. Then for any 1 < n < l we have
Let us first prove that
Suppose (5) were not true. Since
denotes the distance with respect to the spherical metric. Since ω l → ω uniformly with respect to the spherical metric, we have
for all l large enough. This is a contradiction with (4). Thus (5) has been proved. Since D = λ(∆), by letting n → ∞ in the left hand of (5), we get
Note that for any l ≥ 1, we have
For any z ∈ ∆, let H = {ζ | |z| < |ζ| < 1}. Since ω l (0) = 0, ω l (H) is an annulus contained in D which separates {0, ω l (z)} and ∂D. Since ω l is K-quasiconformal for all l, it follows that
This implies that there is some δ > 0 independent of l such that
Since ω l → ω uniformly with respect to the spherical metric, it follows that w(z) ∈ D. Since z is arbitrary, we have
From (6) and (8) it follows that D = ω(∆) and the claim has been proved. From the claim we have ∂D = ω(T). Since ω is a K-quasiconformal homeomorphism of the sphere to itself, it follows that ∂D is a K-quasi-circle and D is a K-quasi-disk. Since λ : ∆ → D is a holomorphic isomorphism, one can homeomorphically extended λ to ∂∆. So we have
holds for all z ∈ ∂∆. This implies that
is injective. By a result of Herman (see [10] ), it follows that ∂D contains at least one of the critical points of f . This completes the proof of Lemma 3.1.
Let 0 < r < 1 and let
Then Θ R is a real-analytic simple closed curve which surrounds the closed unit disk. Let Θ * R denote the symmetric image of Θ R about the unit circle. Let Λ R denote the bounded component of C \ Θ * R . It is clear that Λ R is a Jordan domain with smooth boundary which lies in the inside of the unit disk and contains the origin. Let
be the annulus bounded by T and Θ * R . Take r 0 > 0 small enough such that ∆ r0 ⊂ D r where ∆ r0 = {z | |z| < r 0 }. Let η : Λ R → ∆ r0 be the Riemann isomorphism such that η(0) = 0 and η ′ (0) > 0. Since ∂Λ R , ∂∆ r0 , ∂∆ and ∂D r are all smooth curves, there is a quasiconformal homeomorphism Φ : C → C such that 1. Φ(z) = φ(z) in the outside of the unit disk, and 2. Φ(z) = η(z) in Λ R , and 3. Φ is quasiconformal in A R . For ζ ∈ C ∪ {∞}, let ζ * = 1/ζ be the symmetric image of ζ about the unit circle. Define is a holomorphic isomorphism and µ 0 is G 0 -invariant. So one can pull back µ 0 by the iteration of G to get a G-invariant complex structure µ on the whole sphere C. It follows from the symmetric property of G and µ 0 that µ is symmetric about the unit circle. Note that if G is quasiconformal at some point z with |z| > 1, then G(z) actually belongs to H * r which is contained in the inside of the unit disk. This implies Lemma 3.3. For almost every z in the outside of the unit disk, if µ(z) = 0, then there exists some integer
Let Ψ denote the quasiconformal homeomorphism which solves the Beltrami equation given by µ and fixes 0, 1, and the infinity. Let
Since µ is symmetric about the unit circle, the map
is also a quasiconformal homeomorphism of the sphere to itself which has Beltrami coefficient µ. Note that it also fixes 0, 1 and the infinity. So Ψ(z) = (Ψ(z * )) * for all z ∈ C. Since G(z * ) = (G(z)) * for all z ∈ C, it follows that B(z * ) = (B(z)) * for all z ∈ C. This implies that 
Proof. Note that Ψ −1 is not conformal at z for some |z| > 1 if and only if Ψ is not conformal at Ψ −1 (z). From Lemma 3.3 it follows that there is some
By the symmetric property of Ψ, Ψ preserves the unit circle and thus maps the unit disk homeomorphically onto the unit disk. We thus have
The lemma follows.
Let h B : T → T be the circle homeomorphism such that h B (1) = 1 and
∆ → ∆ where 1 < K(d, θ) < ∞ is some constant depending only on d and θ. Now let us define the modified Blaschke product as follows.
From the above construction, we have
Let Ω B and Ω f denote critical sets of B and f , respectively. Let
denote the post-critical sets of B and f , respectively. Lemma 3.6. There is a constant 1 < K(d, θ) < ∞ depending only on d and θ such that for any 0 < r < 1,
Proof. It suffices to prove the lemma under the stronger assumption that P f ∩ D r = ∅. This is because P f ∩ D r ′ ⊂ P f ∩ D r = ∅ for all 0 < r ′ < r, and by the same reasoning as in the proof of Lemma 3.1, one can show that Γ r must be a
and λ
Let µ 0 denote the complex dilatation of χ 0 and let
Then χ 0 is an M -quasiconformal homeomorphism of the sphere which maps the unit disk homeomorphically onto D r . Note that M depends on r and may go to infinity as r → 1. Now for every k ≥ 1, we will define an M -quasiconformal homeomorphism χ k : C → C as follows. Note that P f ∩ D r = ∅ by the assumption in the beginning of the proof. Since Φ • Ψ −1 is a bijection between Ω B and Ω f , from Proposition 3.1 it follows that P B ∩ ∆ = ∅ and thus
So for every k ≥ 1, if an inverse branch of B k maps ∆ to some domain in the outside of the unit disk, then this inverse branch is univalently defined in an open neighborhood of the closed unit disk. This implies that each component of B −k (∆) is a Jordan domain with boundary being real analytic, and moreover, the closures of these Jordan domains are disjoint with each other.
Suppose B −k (∆) has l k components with l k ≥ 1 being some integer. Let
Otherwise, there is a least integer 1
are both holomorphic isomorphisms. So one can lift the quasiconformal homeomorphism λ r • H B : ∆ → D r to a quasiconformal homeomorphism
such that the following diagram commutes.
In particular, the dilatation of τ i on U i is equal to that of λ r • H B on ∆.
Since both ∂U i and Φ • Ψ −1 (∂U i ) are quasi-circles (in fact, both of them are real analytic curves), τ i can be homeomorphically extended to ∂U i . Note
Since all ∂U i , 1 ≤ i ≤ l k , are quasi-circles which are disjoint with each other, χ k is a quasiconformal homeomorphism of the sphere to itself. In this way we get a sequence of quasiconformal homeomorphisms
. χ k is an M -quasiconformal homeomorphism of the sphere to itself, and 3. the following diagram commutes.
(10) 
. So for every k ≥ 1, the dilatation of χ k is not greater than the dilatation of χ 0 which is M -quasiconformal. The second assertion then follows. By the construction of χ k and χ k+1 , the following diagram commutes.
By Proposition 3.1 the following diagram commutes.
. This, together with the above two diagrams, implies the third assertion. The claim has been proved. Now for k ≥ 0, let µ k denote the Beltrami coefficient of χ k . It follows that
Now let ν denote the complex dilatation of λ r • H B which is defined in the inside of the unit disk. Since λ r is conformal in ∆ = H B (∆), it follows that ν is equal to the complex dilatation of
Now let Σ ⊂ C \ ∆ be the set consisting of all the points z such that
and since Φ is conformal in the outside of the unit disk, it follows that Φ • Ψ −1 is conformal at almost every z ∈ Σ. Now let
Then Ξ is the union of countably many real analytic curves and thus is a zero measure set. It is easy to see that for every z ∈ Σ \ Ξ and every k ≥ 0, there is an open neighborhood of such z, say B z (r), such that B z (r) ∩ B −k (∆) = ∅. By the construction of χ k , it follows that
This implies that the complex dilatation of χ k is equal to that of Φ • Ψ −1 at z. In particular, this implies that for almost every z ∈ Σ, µ k (z) = 0 for all k ≥ 0. Now suppose z ∈ Σ. Then there is some integer N ≥ 1 such that
By the construction of the maps
Since B is holomorphic in the outside of the unit disk, we thus have for all k ≥ N ,
Now let us define a Beltrami coefficient µ(z) on the whole Riemann sphere by setting µ(z) = 0 if z ∈ Σ and
and µ k (z) → µ(z) for almost every z ∈ C. Now from (11) and the fact that
C → C such that χ k converges uniformly to χ with respect to the spherical metric. In particular, we have
This completes the proof of Lemma 3.6.
To remove the condition that P f ∩ D r = ∅ in Lemma 3.6, we need the following lemma.
Lemma 3.7 (Lemma 9.8 of [15] ). For any C > 0, there is a 1 < K(C) < ∞ depending only on C such that for any simple closed curve γ ⊂ C if
holds for any four points {w 1 , w 2 , w 3 , w 4 } in γ which are listed according to anticlockwise order, then γ is a K(C)-quasi-circle. The converse is also true. That is, for any 1 < K < ∞, there exists a C(K) > 0 depending only on K such that if γ ⊂ C is a K-quasi-circle, then for any four points {w 1 , w 2 , w 3 , w 4 } in γ which are listed according to anticlockwise order, (12) holds with the constant in the right hand replaced by C(K).
Let R d θ denote the set of all the degree d rational maps which have a fixed Siegel disk centered at the origin and with rotation number θ.
Lemma 3.8. There is a 0 < C < ∞ depending only on d and θ such that for any f ∈ R d θ , any 0 < r < 1, any four distinct integers k, l, m and n, and any
Proof. Let f ∈ R d θ and D be the Siegel disk of f centered at the origin. Let w ∈ C \ D. By considering the rational map
Note that as z → 0, the function
has a non-zero limit. We can thus regard C f ;k,l,m,n as a holomorphic function in D which does not vanish. In particular, we have
for all 0 ≤ r 1 < r 2 < 1. It is important to note that V f (r; k, l, m, n) is preserved by an Möbius conjugation.
Let , it follows that the sequence {f i } is normal in B 0 (τ ). By taking a convergent subsequence, we may assume that f i converges to a univalent function g in B 0 (τ ). We claim that g is the restriction of some rational map to B 0 (τ ) whose degree is not more than d. Let us prove the claim. To this end, let us write
where c i = 0 and all the p Since when restricted to B 0 (τ ) f i converges to g and
where α is some nonzero complex number. This implies that in B 0 (τ ), the univalent function g is identified with the following rational function whose degree is clearly not more than d,
The claim has been proved. In the following let us still use g to denote this rational function. By taking a convergent subsequence if necessary, we may assume that φ i → φ uniformly in any compact subset of the unit disk where φ is some univalent function defined in the unit disk. In particular, in a small neighborhood of the origin,
where R θ is the rigid rotation given by θ. Since g is a rational map, it follows that
Since φ i → φ uniformly in any compact subset of the unit disk, f i converges uniformly to g in any compact subset of φ(∆). There are three cases.
In the first case, g is a Möbius map. Since g(0) = 0 and g ′ (0) = e 2πiθ , it follows that g has two distinct fixed points {0, p}, and moreover, C − {0, p} is foliated by g-invariant Euclidean circles. Since φ i → φ uniformly in any compact subset of the unit disk, it follows that Γ i r converges to a Euclidean circle Γ which is preserved by g, and moreover, f i uniformly converges to g in an open neighborhood of Γ. Since g is conjugate to the rigid rotation R θ through a Möbius map, we thus have
The Lemma in this case then follows from Lemma 3.7 and the fact that the Euclidean circle is a quasi-circle.
In the second case,
denote the Siegel disk of g centered at the origin. By (13) , it follows that D g always contains φ(∆) and may be strictly larger than φ(∆). Again since φ i → φ uniformly in any compact subset of the unit disk, it follows that Γ i r converges to the Γ r ′ of D g for some 0 < r ′ ≤ r, and moreover, f i uniformly converges to g in an open neighborhood of Γ r ′ . This implies that (14) lim
Since g is a rational map with degree less than d, by induction on the degree of the rational map we have a constant 0 < C < ∞ depending only on d and θ such that V g (r; k, l, m, n) > C. Thus the Lemma also follows in this case.
In the third case, g ∈ R d θ . Then we still have (14) . Thus we get (15) V g (r; k, l, m, n) = inf
Recall that D g denotes the Siegel disk of g centered at the origin. By a Möbius conjugation which preserves 0, we may assume that ∞ / ∈ D g and g(∞)
where k i ≥ 1 is some integer. For each i, take k i distinct points in Γ 
By a direct calculation, we have
This
It follows that h t : C → C is a branched covering map of degree d. Let
Since all the ∂U i j are smooth Jordan curves, ∂Ω is the union of finitely many quasi-circles. For each t ∈ ∆, from (16) and (17) we can easily get
This implies that for every t ∈ ∆, the map h t : C → C is a quasi-regular branched covering map of degree d, and moreover, for almost every z, the complex dilatation of h t at z depends analytically on t when t varies in ∆. By the construction of h t , it follows that for each t ∈ ∆, h t |D g = g|D g is conformal in D g , and moreover, for almost every z ∈ C, if h t is quasiconformal at some point z, then h t (z) ∈ D g . So for each t ∈ ∆, by pulling back the standard complex structure µ 0 in the Siegel disk D g through the iteration of h t , we can get a h t -invariant complex structure µ t in the whole sphere. Again by a direct calculation we get
From the above formula, it follows that for almost every z ∈ C, µ t (z) depends analytically on t. Let φ t be the quasiconformal homeomorphism of the sphere which fixes 0, 1 and the infinity and which solves the Beltrami equation given by µ t . Then φ t depends analytically on t. Let
g , it follows that all the φ t (a i ) and φ t (b i ) do not belong to the Siegel disk of g t centered at the origin, and thus are all non-zero complex numbers. Let
Since g t (0) = 0, it follows that
This implies that g t depends analytically on t. The third assertion follows. Now let us prove the last assertion. First note that h t0 |D g = g|D g , and
. By the previous construction it follows that z ∈ V i for some 1 ≤ i ≤ N and g(z) = x i j for some
is a holomorphic isomorphism and is the conjugation map between g|D
The last assertion of the claim has been proved. The proof of the claim is completed. Now take z 0 in the Γ r of D g such that
Since for any given z, φ t (z) is holomorphic in t for t ∈ ∆, it follows that for every integer i ≥ 0, the map g i t (φ t (z 0 )) = φ t (g i (z 0 )) is holomorphic in t for t ∈ ∆. Thus the map
) is a holomorphic function in t which does not vanish for t ∈ ∆. Since φ t maps the Γ r of D g to the Γ r of D gt , φ t (z 0 ) belong to the Γ r of D gt . We thus have
This, together with (15) and the choice of z 0 , implies that the modulus of the holomorphic function C gt;k,l,m,n (φ t (z 0 )) obtains the minimum at t = 0. Since C gt;k,l,m,n (φ t (z 0 )) does not vanish for t ∈ ∆, it follows that C gt;k,l,m,n (φ t (z 0 )) is a constant function. In particular, we have
But by the last assertion of the claim we just proved, the postcritical set of g t0 does not intersect the D r of D gt 0 . By Lemma 3.6 there is a 1 < C < ∞ depending only on d and θ such that
This proves the lemma in the third case. The proof of Lemma 3.8 is completed. Now let us prove the Main Theorem. Since the forward orbit of any z in Γ r is dense in Γ r , it follows from Lemma 3.8 and Lemma 3.7 that there is a 1 < K(d, θ) < ∞ depending only on d and θ such that every Γ r is a K(d, θ)-quasi-circle. The Main Theorem then follow from Lemma 3.1.
Proof of Theorem B
4.1. From Cross Ratios to Simple closed Geodesics. For two distinct points a, b ∈ T, let [a, b] denote the arc segment which connects a and b in anti-clockwise direction. For an arc segment I ⊂ T, let |I| denote the length of I with respect to the Euclidean metric. We say an arc segment J is properly contained in I if J ⊂ I and I \ J consists of two non-trivial arc segments. In this case, we denote it by J ⋐ I. Now for any two arc segments J ⋐ I ⊂ T, we define
where R and L denote the two arc components of I − J, respectively. From the definition, we have 
The main task in the proof of Theorem A in [9] is to prove that theŚwiatek distortion has a uniform upper bound for all the Blaschke products in H Proof. See Chapter III of [1] .
Lemma 4.5. Let A ⊂ C be an annulus and γ ⊂ A be its core geodesic. Then
where l A (γ) is the length of γ with respect to the hyperbolic metric in A.
Proof. We may assume that A is a Euclidean annulus {z | e −α < |z| < e α } for some α > 0. It follows that
To compute the length of the core geodesic γ of A, consider the vertical strip ]. We thus have
e − π 2 2α
This completes the proof of Lemma 4.5.
Lemma 4.6. For any arc segments J ⋐ I ⊂ T, we have
where X = ( C − T) ∪ (I − J) and l X (·) denotes the length with respect to the hyperbolic in X.
Proof. Assume that I = [e iθ1 , e iθ4 ] and J = [e iθ2 , e iθ3 ] and assume that 0 ≤ θ 1 < θ 2 < θ 3 < θ 4 ≤ 2π. Let M be the Möbius transformation sending e iθ2 to 0, e iθ3 to −1, and e iθ4 to ∞. Then M (e iθ1 ) ∈ (0, +∞). Let T = 1/M (e iθ1 ). By Lemmas 4.4 and 4.5 it follows that
This, together with the second inequality of Lemma 4.4, implies
T < e 2πΛ(T ) = e lX (γ)/2 ≤ 16(T + 1).
Since the cross ratio is preserved by Möbius transformation, it follows that
Note that for x ∈ (0, 2π), we have 4π sin(x/2) ≥ x(2π − x) and 0 ≤ sin(x/2) ≤ x/2. Both the inequalities can be easily proved by calculus and we shall leave the proofs to the reader. From these two inequalities and (18) we get
Since T < e lX (γ)/2 , it follows that
Note that for x ∈ [0, π], we have x/π ≤ sin(x/2) ≤ x/2. Again the inequality can be easily proved by calculus and we omit the proof here. Thus, if |L| ≤ π and |R| ≤ π, from this inequality and (18) we get
C(I, J).
If π ≤ |L| ≤ |I|, then |R| ≤ π and
If π ≤ |R| ≤ |I|, then |L| ≤ π and
In all the cases we have Proof. Set η = µ B (I). Then η ≤ δ and µ B (T − I) = 1 − η. Set L = |T − I| and without loss of generality, let us assume that
] is the arc segment in T which connects e −L/2 and e L/2 anticlockwise. Since 0 ≤ L/2 ≤ π and the function x → cos(x) is decreasing on [0, π], it follows that for every z ∈ T − I, one has
It is clear that ℜ(z) ≥ −1 for all z ∈ I. Since B is centered, by (3) we have
This implies that where α = C(m) is the constant provided by Lemma 4.3. The result then follows by taking β = ǫ −2 · (4π 2 ) 1+α since by Lemma 4.6, we have
This completes the proof of Proposition 4.1.
Proof of Lemma 4.3.
The proof of Lemma 4.3 is based on Lemmas 4.8-4.13. Before we state and prove these lemmas, let us introduce some common notations which will be used in all these lemmas. Let N ≥ 1 be an arbitrary integer. Let
are disjoint with each other. Let p ≥ 1 be an integer and
We let l k be the length of the core geodesic of the annulus U k and l Proof. Without loss of generality, we may assume that A is a round annulus {z | r < |z| < R} for some 0 ≤ r < R. Cutting A along at most p round circles passing through the points in Z, we find at most p + 1 round annuli contained in A − Z, whose moduli add up to that of A. Let B be one of those subannuli with maximal modulus. Then mod(A) ≤ (p + 1)mod(B). This completes the proof of Lemma 4.8. 
Definition 4.1. Let I ⊂ T be an arc segment. Let Γ be the unique Euclidean circle which passes through the end points of I and is orthogonal to the unit circle (In the case that |I| = π, Γ is a straight line). We use D(I) to denote the component of C − Γ which contains the interior of I. 
Let ψ : H → {z | r < |z| < 1} be the holomorphic isomorphism such that the outer boundary component of H is mapped to the unit circle. Then by Schwarz Reflection Lemma the map ψ can be extended to a holomorphic isomorphism between C−([−1, 0]∪[T, ∞)) and the annulus {z |r < |z| < r −1 }. In particular, ψ maps Γ to the unit circle which is the core geodesic of the annulus {z | r < |z| < r −1 }. This implies that Γ is the core geodesic of
). This implies that φ −1 (Γ), which must be a Euclidean circle orthogonal to the unit circle, is the core geodesic of ( C − T) ∪ (I − J). The proves the first assertion. The second assertion follows directly from the first assertion and the definition of D(I). This completes the proof of Lemma 4.9.
For z ∈ C \ T, let φ z be a Möbius map sending z to 0 and preserving T. It is clear that φ z is unique up to a post-composition with a rotation. For an arc segment I ⊂ T, set µ z (I) = |φ z (I)|.
Definition 4.2. Let z ∈ C and I ⊂ T be an arc segment. We say that z is in the shadow of I or shadowed by I if either z ∈ I or if z ∈ C \ T with µ z (I) ≥ 2π/3.
The following lemma can be directly derived from the definitions and the reader shall easily provide a proof. Lemma 4.10. Let z ∈ C and I ⊂ T be an arc segment. Then the following three properties hold, 1. z ∈ D(I) if and only if z ∈ I or µ z (I) > π, 2. if z ∈ D(I), then z is in the shadow of I, 3. z can be shadowed by at most three disjoint arc segments.
For a hyperbolic Riemann surface X, we use ρ X to denote the hyperbolic metric in X and d x (·, ·) denote the distance with respect to the hyperbolic metric ρ U .
Lemma 4.11. For any d 0 > 0, there exists a 0 < C 0 < ∞ depending only on d 0 such that for any two distinct points x, y ∈ ∆, the inequality
Proof. We need only to show that C 0 can be taken to be a fixed constant when d ∆ (x, y) is large enough. To show this, it is sufficient to consider the case that y = 0 and x = 1 − δ with 0 < δ < 1 small. By direct calculations, we have
.
Note that for all 0 < δ < 1, we have
and for all 0 < δ < 1/2, we have
Thus for all 0 < δ < 1/2, we have
By a direct calculation, we get
The lemma then follows since
Lemma 4.12. There is a universal constant 0 < C < ∞ such that for any arc segment I ⊂ T with |I| < 2π/3, we have
where W = C − (T − I).
By transforming the unit circle to the real line through a Möbius map, it follows that D α is the hyperbolic neighborhood of I with the exterior angle being α. More precisely, D α is a simply connected domain containing I whose boundary is the union of two arc segments of Euclidean circles which are symmetric about the unit circle such that the exterior angle between ∂D α and the unit circle is α. To learn more details about the hyperbolic neighborhood in a slit plane, we refer the reader to [13] ( §5 of Chapter VI ). By the definition of D(I), we get
It is not difficult to see that 0 ∈ ∂D |I|/2 (I). So we have
Since |I| ≤ 2π/3, we have 0 < sin |I| .
So for any z ∈ D(I), we have
Since |I| ≤ 2π/3, we have cot
For such d 0 , let C 0 be the constant provided by Lemma 4.11. Then for any z ∈ D(I), by Lemma 4.11 and (22), we have
Since |I| < 2π/3, we have |I| 2 < 2π 3 |I|. Take
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We then have for any z ∈ D(I),
The proof of Lemma 4.12 is completed.
Relative Schwarz Lemma ( [2] ). Let R and S be two hyperbolic Riemann surfaces and f : R → S be a holomorphic map. Then
For a detailed proof of the Relative Schwarz Lemma, we refer the reader to [2] . Lemma 4.13. Let C be the universal constant provided by Lemma 4.12. Let J ⋐ I ⊂ T be two arc segments and Z ⊂ C be a finite set such that no point in Z is shadowed by I. Let γ be the core geodesic of the annulus U = ( C − T) ∪ (I − J). Then
Proof. Let V = C − (T − I). Let us label the points in Z by
It follows from the Relative Schwarz Lemma that
So we finally have
Let φ z be a Möbius map which preserves the unit circle and maps z to 0. Then φ z (D(I)) = D(φ z (I)). Since z is not shadowed by I, we have |φ z (I)| < 2π/3. Note that φ z (V ) = C − (T − φ z (I)). By Lemma 4.12, we have
Since the maps φ z : V → φ z (V ) and φ z : V − {z} → φ z (V ) − {0} are holomorphic isomorphisms, it follows that
This implies that
From (24) and (25) 
Since the number of critical values of B is not more than the number of distinct critical points of B which is not more than 2m − 2, it follows that p ≤ 2m − 2.
Let
By the third assertion of Lemma 4.10, each point in Z is shadowed by at most three intervals I k . This implies that
Let us prove the Claim 1. Let k ∈ Λ 1 . Let ξ separates T − I k+1 and J k+1 . Thus we have
Since B : W k+1 → V k is a holomorphic covering map and the degree of B is m, it follows that
. By the choice of ξ k B and Corollary 4.1, we have
This, together with the above three inequalities, implies that
This proves (26) and the Claim 1 has been proved.
Let 0 < C < ∞ be the universal constant in Lemma 4.13. Claim 2.
Let us prove the Claim 2. Let k ∈ Λ 2 . By Lemma 4.9, we have γ is one. We thus have
, and thus
This, together with (28) and (30), implies that
. By Lemma 4.13, we have
From (31) and (32) we have
This proves the Claim 2. From Claims 1 and 2 we have
we finally have
This completes the proof of Lemma 4.3.
Proof of Theorem B.
All the arguments used in this section are standard. The readers may find them in several previous literatures, for instance, see [5] , [9] , and [14] . Let B ∈ B m θ be a centered Blaschke product. Recall that h B : T → T is the circle homeomorphism such that B|T = h −1 B • R θ • h B and h B (1) = 1. Now it is sufficient to prove that there exists an 1 < M (m, θ) < ∞ depending only on m and θ such that h B : T → T is an M (m, θ)-quasisymmetric circle homeomorphism. Before that let us introduce some notations and terminologies first.
Let I 1 and I 2 be two arc segments in T. Let L > 1. We say Let θ = [a 1 , · · · , a n , · · · ]. Let q 0 = 1, q 1 = a 1 , and q n+1 = q n−1 + a n+1 q n for all n ≥ 1. For x > 0, let {x} denote the fraction part of x. For n ≥ 0, let q n θ denote {q n θ} if n is even and 1 − {q n θ} if n is odd.
Lemma 4.14. There exists an L 0 ≥ 2 independent of θ, such that for all n ≥ L 0 , the following inequality holds,
Proof. For n ≥ 0, let p n /q n be the nth continued fraction. Let
It follows that |δ n | < 1/q n q n+1 (for instance, see [12] ). This implies that
Note that q 0 = 1, q 1 ≥ 1 and q n+2 ≥ q n + q n+1 for all n ≥ 0. The lemma then follows by taking L 0 = 5.
As an immediate consequence of Lemma 4.14, we have Corollary 4.2. Let L 0 be the constant in Lemma 4.14. Then for any n ≥ L 0 and any z ∈ T, we have
Then the following two assertions hold.
Proof. The second assertion is standard, for instance, see [5] , [9] , and [14] . Let us prove the first assertion only. Let us prove it by contradiction. Suppose it were not true. Then there exists a 0 < k < q n−2 such that
by the property of the closest returns. Then we have the following four cases.
In the first case, R −k
We then must have 3q n − k = q n + q n+1 . Since q n+1 = q n−1 + a n+1 q n , it follows that a n+1 = 1. So k = q n − q n−1 ≥ q n−2 . This is a contradiction.
In the second case, R
It follows that
Since θ is of bounded type, there is an integer 0 < τ (θ) < ∞ depending only on θ such that
for all n ≥ 2. By the first assertion of Lemma 4.15, it follows that for any integer 0 < N ≤ 5q n , the family
can be divided into at most 5τ (θ) disjoint sub-families. By (36) and by applying Lemma 4.2 successively at most 5τ (θ) times, we get a constant 0 < P 1 (m, θ) < ∞ depending only on m and θ such that the following inequality
We claim that there exists a 0 < P 2 (m, θ) < ∞ depending only on m and θ such that any two of the following six arc segments
are P 2 (m, θ)-comparable. Let us prove the claim. It suffices to prove that among these six arc segments, any two adjacent ones are P 1 (m, θ)-comparable. Let us prove this only for the pair of adjacent arc segments
The same way can be used for the other four pairs of adjacent arc segments. By taking l = 0 in (38) we get
By taking l = 1 in (38) we get
From (40) and (41) it follows that the two adjacent arc segments z 0 , B qn (z 0 ) and B −qn (z 0 ), z 0 are P 1 (m, θ)-comparable. The same way can be used to prove the other four adjacent arc segments are also P 1 (m, θ)-comparable. The claim then follows by taking P 2 (m, θ) = P For any z ∈ T, it follows from the second assertion of Lemma 4.15 that there is an 0 ≤ i < q n + q n+1 such that B i (z) ∈ B −5qn (z 0 ), B −4qn (z 0 ) . We then have the following two cases.
In the first case, there is some 1 ≤ j ≤ 3 such that B i+jqn (z), B i+(j+1)qn (z) < l 0 /2.
This implies
(43) C( B i+(j−1)qn (z), B i+(j+2)qn (z) , B i+jqn (z), B i+(j+1)qn (z) ) < 3.
Since 0 ≤ i < q n + q n+1 and 1 ≤ j ≤ 3, by (37) we have 0 < i + jq n < 4q n + q n+1 < (4τ (θ) + τ (θ)
2 )q n−2 .
By (43) and the first assertion of Lemma 4.15, and by applying Lemma 4.2 successively at most (4τ (θ) + τ (θ)
2 ) times, we get a constant P 3 (m, θ) > 0 depending only on m and θ such that (44) C( B −qn (z), B 2qn (z) , z, B qn (z) ) < P 3 (m, θ).
In the second case, we have B i+jqn (z), B i+(j+1)qn (z) ≥ l 0 /2 for each j = 1, 2, 3. This, together with (42), implies that there exists a 0 < P 4 (m, θ) < ∞ depending only on m and θ such that (45) C( B i+qn (z), B i+4qn (z) , B i+2qn (z), B i+3qn (z) ) < P 4 (m, θ).
Since 0 < i + 2q n < 3q n + q n+1 < (3τ (θ) + τ (θ) 2 )q n−2 , By (45) and the first assertion of Lemma 4.15, and by applying Lemma 4.2 successively at most (3τ (θ) + τ (θ)
2 ) times, we get a constant 0 < P 5 (m, θ) < ∞ depending only on m and θ such that (46) C( B −qn (z), B 2qn (z) , z, B qn (z) ) < P 5 (m, θ).
Let P 6 (m, θ) = max{P 3 (m, θ), P 5 (m, θ)}. From (44) and (46) it follows that in both the cases, the following inequality holds, (47) C( B −qn (z), B 2qn (z) , z, B qn (z) ) < P 6 (m, θ).
Since (47) holds for an arbitrary z ∈ T, by considering the point B −qn (z), we get (48) C( B −2qn (z), B qn (z) , B −qn (z), z ) < P 6 (m, θ).
From (47) 
